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Abstract-This paper deals with the numerical solution by an exponentially fitted finite volume 
method of a linear convection-dominated diffusion equation with a constant matrix diffusion coeffi- 
cient and a singular perturbation parameter E. The equation is first transformed into one with a scalar 
diffusion coefficient by a simple coordinate transformation, and an exponentially fitted finite volume 
method is then applied to the resulting equation. Application of this approach to the time-space dis- 
cretisation of time-dependent singularly perturbed convection-diffusion equations is also discussed. 
Numerical examples are solved to demonstrate the usefulness of this approach. The numerical results 
show that the method is efficient and stable for a large range of values of E. @ 2002 Elsevier Science 
Ltd. All rights reserved. 
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1. INTRODUCTION 
klany phenomena in engineering and science are governed by convection-dominated diffusion 
equations with a singularly perturbation parameter E > 0. When E is small, solutions to these 
equations normally have sharp boundary and/or interior layers, so that applications of conven- 
tional numerical methods to these problems often yield solutions with nonphysical, spurious 
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oscillations. To overcome this stability problem, many methods have been proposed. These 
include upwind methods (cf., for example, [l-5]) and streamline diffusion methods (cf., for exam- 
ple, IS]). Recently, various exponentially fitted methods have been proposed and analyzed (cf., 
for example, 17-9 I). A promising one of these is the exponentially fitted finite volume/element 
method (cf., [8]) 1. h w nc is shown to be numerically stable for any value of E and is convergent 
(cf., [7]). However, this method has been developed only for problems having scalar diffusion 
coefficients, and camlot be directly applied to problems with anisotropic diffusion coefficients. 
On the other hand, many practical problems such as fluid flows in anisotropic media arising in 
el~~iron~nel~tal science and geophysics do have anisotropic diffusion coefficients, i.e., their diffusion 
coefficients are matrices, so that the method is not applicable. For example, the contaminant 
transport problem in anisotropic media (cf., for example, [lo]). To our best knowledge, there 
is very little discussion on the numerical solution of convection-dominated diffusion equations 
with anisotropic diffusion coefficients, though efficient numerical methods are needed in practice. 
Recent approaches include a Lagrange-Gherkin finite element method [ll] and a method based 
on an additive decomposition of the differential operator is proposed in [12]. The former does 
not. consider the effect of the singular perturbation parameter on the scheme. 
In this paper, we propose a simple coordinate transformation method which transforms a 
singularly perturbed problem with a constant anisotropic diffusion coefficient matrix into one with 
isotropic diffusion coefficient. The exponentially fitted finite volume method proposed in [8] is 
then applied to the resulting equation. We shall also discuss the application of this approach to the 
t,ime-space discretisation of time-dependent singularly perturbed convection-diffusion equations. 
Though the idea is simple, it works very well for our test problems with a large range of values 
of E. The rest of the paper is organized as follows. 
The continuous problem and some preliminaries are described in the next section. The trans- 
forlllation method is presented in Section 3, which transforms an anisotropic convection-diffusion 
equation to one with an isotropic diffusion coefficient. It is also shown that this transformation 
maintains the solvability of the original problem. In Section 4, we shall give a brief description of 
the exponentially fitted finite volume method. Application of this approach to time-dependent 
problems is discussed in Section 5. In Section 6, numerical results are presented to demonstrate 
the effectiveness and usefulness of the method. 
2. THE CONTINUOUS PROBLEM 
Consider stationary, linear, convection-diffusion problems of the form 
-V . (EAVU - bu) + Gu = F, in Q C IV, (1) 
u = tlj,, on aa, (2) 
where 71 2 2 is a positive integer, V denotes the gradient operator (&, . . . , &)T, A is an 
IL x ‘It constant matrix, dR denotes the boundary of Q2, E > 0 is a positive parameter, b : 
$2 ++ R” is a known vector-valued function, and G, F, and 21~ are given scalar functions. without 
loss of generality, we assume that ug = 0. The nonhomogeneous case can be transformed 
into this homogeneous one by subtracting from both sides of (1) a given function satisfying the 
nonhomogeneous boundary condition. 
In what follows, D’(Q) denotes the space of p-integrable functions on an open and measurable 
set R. with norm ]] . I/O, where p E fl, oo). We use Xm(Q) to denote the usual Sobolev space 
containing functions which, along with their derivatives of up to and including &-order are in 
L’(0)! and use ]].]lrn t o d enote the norm on Hm(St). The inner product on L2(s2) or on (L2(Q))* 
is denoted by (.,.). We put H,‘(R) = (~7 E H’(0) : q/ 2 ao = 0) and the set of functions which, 
together with their up to and including nz order derivatives are continuous on 0 (or ai) is denoted 
by C’@(Q) (or Cm(Q)). 
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For simplicity, we assume that Xl is polygonal or polyhedral. This avoids the discussion 
on approximation of curved boundaries. For the coefficient functions, we assume that b f 
~C*(~)n~l(~)}~, G E C~~)n~‘(~), and F E Lm(R). We also assume that A, b, and G satisfy 
A=AT, (3) 
ETA5 2 41E;l12v v< E Iv, (4 
+b+G>O, in St, (5) 
where a is a positive constant, independent of E and U, and jl . 11 denotes the Euclidean norm 
on R.“. We comment that the above assumptions on the regularity of the coefficient functions 
are stronger than those required for the existence and uniqueness of the weak solution to (1) 
and (21, but these are needed for the discretisation of the problem. The variational problem 
~orre~~ondin~ to (1) and 
PROBLEM 2.1. Find u f 
where A(-, -) is a bilinear 
IJet MC = dqvvllo, 
Hof(C!) such that for all t.1 E H,‘(a), 
a(u,v) = (F.v), (6) 
form on (~~(~))~ defined by 
a(u, v) = (EAV~. - bzl, Vv). (7) 
then it is easy to see that 11 - IIE is an ener,gg norm on HA ($2) by the 
well-known Poincar&Fridriches inequality. Using the assumptions (3)-(5), it is easy to show that 
(2) is as follows. 
This implies that a(., .) is coercive on H,‘(R), and thus, by the well-known Lax-Iv&ram lemma, 
Problem 2.1 has a unique solution in I-&$(Q). 
3. TRANSFORMATION OF THE PROWLER 
Equation (1) is singularly perturbed when E is small and has a matrix diffusion coefficient. 
Standard finite element methods can be applied, but will normally yield solutions with non- 
physical oscillations when E << 1. There are some efficient methods for singularly perturbed 
convection-diffusion equations, but most of them are for the case that A = I, where I denotes 
the identity matrix. We now describe a simple transformation which transforms a problem with 
a general A into one with A = I. 
From (3) and (4), we know that A is symmetric and positive-definite. Therefore, there is an 
orthogonal matrix A1 with AI-’ = MT such that 
A = MAAl-’ = MAhi'. 
where A = diag(X1, X2,. . . , A,) is a diagonal matrix with X; (i = 1,2,. . . , n) the eigenvalues of A. 
Since A is positive-definite, Xi > 0 for i = 1,2,. . . , IL Therefore, A can be expressed as 
A = hIAMT = (itf14’~~) (MI@‘)~ =: BBT, (9) 
where B = ilfA’/2. 
Let x= (x~,Q,... , GA alld y = (~1, ~2,. . . , 3,) be the coordinate variables, and let 
1252 s. \i-ANG 
he the gradient operators with respect to 2 and y, respectively. Now, we introduce the following 
linear coordinate transformation: 
x = By, (10) 
where B is the matrix defined in (9). Let B = (b,j). Under the transformation, we have 
&=ggT 
’ 3 t 
n 
= c b,&. i= 1,2 ,..., 11, 
j=l J 
or in matrix form, 
V, = BrV,. (II) 
Using (ll), (9), and the matrix representation of the gradient operators, the first term in (1) can 
he rewritten as 
v, +Av,u) =E(V:BB~V~)U 
=E(B~V~)~(B~V~)ZL 
=Ev;v,u 
(12) 
= v, .(&Vy). 
Similarly, the second term in (1) can be expressed as 
v, . (bu) = (V,TBB-‘) bu 
= (BTVr)T (B-lb) u 
= v, . (bu) ( 
(13) 
where b(y) = B-‘b(z( y)). Let 6 be the image of R under the inverse transformation of (10). 
Since BR is polyhedral and (10) is linear, a!?l is also polyhedral. Finally, using (12) and (I3), 
(1) is transformed into 
-v,. (a ) u-ii, +Gu=F, in fi, (14) 
u = 0: on afi, 05) 
where G = G(z(y)) and F = F(z(y)). Th is is of the form in which the diffusion coefficient is a 
scalar. It is easy to see that the transformation does not affect the existence and uniqueness of 
the solution to (14) and (15). In fact, for the coefficients b and G, we have 
;VY. b + G = ; (BTV,)T B-lb + G 
= +b+G 
2 01 
hy (5). Therefore, using a standard argument, it is easy to show that the variational problem 
corresponding to (14) and (15) has a unique solution (cf., for example, [7]). 
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4. THE EXPONENTIALLY FITTED FINITE VOLUME METHOD 
A detailed description of the method can be found in [8] and a rigorous stability and convergence 
analysis is given in [7]. In what, follows, we only give a brief account of the method. For 
notational brevity, we discuss the method in two dimensions. Extensions to higher dimensions 
are straightforward. 
To discuss the method, we first. define some meshes on A. Let T be any partition of fi by a set 
of triangles and rectangles. Let Y = {yi}F be the set of all vertices of T and E = {ei}!’ the set 
of edges of T. Without loss of generality, we assume that the nodes in Y and the edges in E are 
numbered such that Y’ = {yi}r’ and E’ = {e,}rf’ are, respectively, the set of nodes in Y not on 
afi, and the set of edges in E not on &o. 
DEFINITION 4.1. T is a Delaunay mesh if, for every t E T, the circumcircle of the element 
contains no other vertices in Y (cf., 1131). 
We <assume henceforth that T is a Delaunay triangulation. 
DEFINITION 4.2. The Dirichlet tessellation D, corresponding to the triangulation T is defined 
by D = {d,}f rvhere the tile 
di = {Y E fi : IY - Yil < I!/ - Yjl, Yj E Y, j # i}, 
for all yi E Y (Cf., 1141). 
We remark that for each yi E Y, the boundary adi of the tile di is the polygon having as its 
vertices the circumcentres of all triangles with common vertex yi. Each segment of ddi is perpen- 
dicular to one of the edges sharing the vertex yi (see Figure la). The Dirichlet tessellation D is 
a polygonal mesh dual to the Delaunay mesh T. Note that a Delaunay mesh in 2D may contain 
both triangles and rectangles. There is no need to divide a rectangle into two triangles by a 
diagonal, as the part of the Dirichlet tile which bisects the diagonal has zero length. 
(a) Delaunay mesh and the Dirichlet tile. (b) Notation for the edges and nodes. 
Figure 1. 
For each i = 1,2,. . . , IV’, integrating (14) over di and applying Green’s formula to the first 
term, we have 
- 
SC ad, 
~V~z&)~nds+~ Gudy=l.Fdy. 
For i = 1,2,. . . , IV’, let ui be the approximate value of u(y) at yi. Using the one-point quadrature 
rule, we have from the above 
- /( &V$ - Lu > ’ nds + Giui jdil = Fi ldil( (16) ad, 
where Gi = G(x(yi)) and Fi = F(z(yi)) and I . I denotes the measure (length or area). We now 
consider the approximation of the first term in (16). Let 1, = {j : ei,j E E} denote the index set 
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of nei~hbourin~ nodes of yL, where ei,j denotes the edge joining ya and yj, as shown in Figure lb. 
Since iSdi is polygonal and each of its sides is perpendicular to one of the edges joining xi, \ve 
have 
where 1i.j denotes the segment of ddi perpendicular to the edge ei,j and is oriented counterclock- 
wise with respect to yi (see Figure lb) and ei.j denotes the unit vector from yi to yj. For any 
j E Ii, we now consider the two-point boundary value problem along the edge ei,j, 
$ (~ -ii.jW) =O, On ei,j, (W 
u(y,i) = ui, Uf(Yj) = ‘Uj> (19) 
where b.i,j is a constant approximation to 1;. ef,j on ei.j and ui and Uj are nodal approximations 
to u(yi) and u(yj), respectively. These are yet to be determined. The exact flux solution to this 
constant coefficient, two-point boundary value problem is 
(20) 
where B(z) is the Bernoulli function defined by 
i 
z 
B(Z) = eL-- 
ifz#O, 
1, if 2 =O. 
Obviously, (20) defines a constant approximation to the integrand on the right side of (18). Fur- 
thermore, the solution of (17) also defines a piecewise exponential approximation to the solution 
of 1~ on el,J. Substituting (20) into (17) and the result into (16), we obtain, 
for all i = 1,2,. . . , IV’. In matrix form, we have 
(E+D)U =F, 
where E and D denote the matrices corresponding, respectively, to the first and second terms 
of (21), u = (U~,u*,. 1.) ‘uN,~)~ and F = (Fl, Fz,. . . , FN~)~. The matrix E + D is unsymmetric 
unless bi.j = 0 for all i = 1,2,. . . , N’ and all j E 1;. However, it is easy to verify that E is an 
Al-matrix (cf., [7]). 
5. TIME-SPACE DISCRETISATION OF 
TRANSIENT CONVECTION-DIFFUSION EQUATIONS 
Time-space discretisation has the merit that it allows us to refine a mesh locally along a curve 
or surface in the time-space domain where the solution varies rapidly. This is, in general, not 
possible if a problem is discretized first in space and a time-stepping technique is then used. In 
what follows, we shall present a time-space discretisation method based on the techniques in the 
previous sections for time-dependent problems of the form 
du 
- - V. (EAVU 
at 
-bu)+Gu=F, in R x (O,T), (22) 
zL(X, t) = IQ(t), 5 E an, (23) 
U(Xc?O) = Q(X), (24) 
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where A is an n x n constant matrix satisfying (3) and (4) and b and G are coefficient functions 
satisfying (5). This equation can also be regarded as a dimensionless form of the heat conduction- 
convection equation discussed in 1151. 
To apply the technique in the previous sections to this initial value problem, we introduce an 
auxiliary second-order term, -6% to the right-hand side of (22) with b E (0, I] an artificial sin- 
gular perturbation parameter, and define an artificial homogeneous Dirichlet boundary condition 
at T $ p with p > 0 a small number. This small extension p in t forms a transition region (an 
artificial boundary layer) to allow the numerical solution to converge to the true one from the 
artificial boundary condition. The above initial value problem can then be transformed into the 
following boundary value problem: 
-v * (EAV u-th 
> 
+Gu= F, in 6 = s2 x (0,T + p), (25) 
u(z,t) = W?(t)% x E XI, (26) 
~fz,O) = ~cfx), ufz,T + p) = 0, 5 E 52, (27) 
where 
and b = (b, 1). 
We remark that S is an artificial perturbation parameter in t. The choice of 6 is rather arbitrary. 
When E < 1, we may choose b = 1. The transition parameter p is also arbitrary. When E < 1, 
the width of the artificial boundary iayers at t = T + p is of order O(E&). Thus, p needs to be 
greater than the width of the layer so that the layer is covered completely by the transition region. 
We also comment that the artificial homogeneous boundary condition in (27) can be replaced by 
nonhomogeneous ones, or even by another type of boundary condition such as the homogeneous 
Neumann boundary condition. 
6. NUMERICAL EXPERIMENTS 
To show the usefulness and efficiency of the above approach, numerical experiments were car- 
ried out. The first two test problems given below are of the form (l),(2) with different coefficients, 
while the third test problem is a time-dependent problem in the form of (22)-(24). The trans- 
formed problems corresponding to these tests are discretized by the exponentially fitted finite 
volume/element scheme discussed in Section 4. For a given positive-definite matrix, we use 
MATLAB with long precision to evaluate the transformation matrix B in (10) and its inverse. 
All other computations were performed in Fortran 77 double precision on a Pentium PC under 
Linux environment. 
TEST 1. 
Q = (0,1)2, b = (2111, G = 0, and F = 2. 
Figure 2. Delaunay triarigulation with 497 nodes for the transformed region of Test 1 
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0.08 
0.06 
0.04 
0.02 
0.1 
(a) E = 1. 
(b) E = 0.1. 
Figure 3. Computed solutions to Test 1 for various values of E 
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1 1 
(c) E = 0.01. 
0.8 
(d) B = 0.001. 
Figure 3. (cont.) 
This problem has constant coefficients and A is positiv~de~nite. Using ~ATLAB, we find that 
the transformation matrix B in (10) and its inverse are, respectively, given by 
B= 
0.52573111211913 0.85065080835204 
-0.32491969623291 1.37638192047117 > ’ 
1.37638192047117 -0.85065080835204 
0.32491969623291 0.52573111211913 
Using this B, we transform the problem into the form (14). The transformed region is partitioned 
into a Delaunay triangulation with 497 mesh nodes. The mesh is depicted in Figure 2 in which 
the corners labelled with 1, 2, 3, and 4 correspond, respectively, to (O,O), (l,O), (l,l), and (OJ) in 
the original problem. The problem is solved on this mesh for E = 1, 0.1, 0.01, and 0.001 and the 
results (transformed back to the original region and linearly interpolated) are plotted in Figure 3. 
From these plots, it is seen that the solutions by our method are stable. 
TEST 2. 
b = (a g2) , G= 1, and F = 2. 
This example has a nonconstant convection coefficient and the minimum and maximum entries 
of the matrix A differ from each other by more than one magnitude. Using MATLAB, we have 
that the traIlsformation matrix B and its inverse are, respectively, 
B= 
( 
0.95759088260927 0.28813139631703 
-0.03902044310222 7.07096014732229 > ’ 
*__” ‘-- 1.04255619601452 
( 
-0.04248265670263 
1 0.00575325046102 0.14118907292800 ’ 
To solve the problem, we choose a Delaunay triangulation of the transformed region with 1089 
mesh points. This mesh is obtained by refining the initial mesh depicted in Figure 4 four times by 
adding the midpoint of each of the edges. The numerical solutions from our method for E = 10-r, 
lo-“, 10m5? and 10V7 are plotted in Figure 5. From these, we see that the numerical solutions 
are stable. 
4 
1 2 
Figure 4. Initial triangulation for the transformed region of Test 2. This mesh is 
refined four times to yield a Delaunay mesh with 1089 nodes. 
TEST 3. One-dimensional tim~dependent heat conduction-convection problem (22)~(24) with 
Q = (0, l), T = 1, A = diag(l,l), b = 1, G = 0, and F = 0. The boundary conditions are 
us = 1 along the side that x = 0, 0 5 t 5 1, and 0 otherwise, and the initial condition 
is ._Q(x) = 0, for all 3: E (0, l]. Th is is transformed into a 2D stationary convection-diffusion 
equation in the form (25)-(27). This is a dimensionless form of the first numerical example 
considered in [ 151. 
This problem has been solved for various values of E and S, and on both rectangular and 
triangular meshes. Figure 6 contains numerical results for the indicated values of e on the 41 x 41 
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Y 
(a) E = 10-l. 
1 1 X 
Y 
(b) E = 1O-3 
Figure 5. Computed solutions to Test 2 for various values of E. 
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1 1 X 
Y 
(d) E = lo-’ 
Figure 5. (cont.) 
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1 ’ X 
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(a) E = 10-l. 
1- 1 
X 
t 
(b) E = 1O-2 
Figure 6. Computed solutions to Test 3 for various values of E. 
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0 
0 
(d) E = 10-4. 
Figure 6. (cont.) 
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Figure 7. Delaunay triangulation with 8281 nodes for Test 3. 
uniform rectangular mesh. The parameter 6 was chosen to be 0.01 so that the transformation 
matrix in (10) becomes B = diag(1,O.l). The extension parameter p is chosen to be 0.1 for all 
four cases in Figure 6. From the figure, we see that the interior layers are along the diagonal of 
the solution domain. 
To resolve the layers more accurately, we need to refine the meshes locally along the diago- 
nal. However, this local refinement obviously cannot be achieved by using rectangular meshes 
as the layer is along the SW-NE diagonal. Thus, unstructured triangular meshes need to be 
used. To demonstrate this, we re-solve the problem with E = 10N4 using the mesh shown in 
Figure 7 with 8281 nodes. We choose S = 1 and p = 0.05. The numerical solution on this 
mesh is linearly interpolated to yield nodal values on the uniform 41 x 41 grid, and the result 
is plotted in Figure 8a. For comparison, the numerical solution obtained on the uniform rect- 
angular mesh with 91 x 91 mesh nodes is plotted in Figure 8b. It is noticeable that the former 
has a sharper layer than the latter, indicating that the local refinement avoids ‘false diffusion’ 
to some extent. To better visualize this, we plot in Figure 9 the cross-section at t = 0.5 from 
both of the two numerical solutions. From this figure, it is obvious that the bcally condensed 
mesh gives better approximation than the one usin, m the uniform mesh. Naturally, the use of a 
mesh adaption technique such as the one in [IS] can further improve the numerical results shown 
in Figure 8. 
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‘. 
: ., 
X 
(b) 
Figure 8, Computed solutions to Test 3 on meshes with 8281 nodes, E = 1Oe4. 
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I. 
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3. 
4. 
5. 
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7. 
8. 
9. 
10. 
11. 
12. 
13. 
14. 
15. 
IG. 
unstructured triangular mesh 
- - - unite mctan~ular mesh 
Figure 9. Computed results at the cross-section t = 0.5 for Test 3. 
REFERENCES 
1. Christie, D.F. Griffiths. A.R. r\Iitchell and O.C. Zienkiewicz, Finite element methods for second order 
differential equations with significant first derivatives, I&. J. Npim. M&h. Engng. 10, 1389-1396 (1976): 
.J.C. Heinrich. P.S. Huyakorn, A.R. f\Iitchell and O.C. Zienkiewicz, An upwind finite element scheme for 
tw~dimensional convective transport equations, 1nt. J. Num. Me& Engng. 11, 131-143 (1977). 
J.T.R. Hughes and A.N. Brooks, A multidimensional upwind scheme with no crosswind diffusion, In Finite 
Element Methods for Convection Dominated Flows, AhtD Volume 34, (Edited by T.J.R. Hughes), Amer. 
Sot. of hlech. Eng., New York, (1979). 
R.E. Bank. J.F. Biirgler, W. Fitchner and R.K. Smith, Some upwinding techniques for finite element 
approximations of convection-diffusion equations, Numer. A4ath. 58, 185-202 (1990). 
L. Angermann, Error estimates for the finite-element solution of an elliptic singularly perturbed problem, 
IlMA J. Num. Anal. 15, 161-196 (1995). 
C’. Johnson, Streamline diffusion methods for problems in fluids, In Fin&c Elements in Fluids, Volume VI, 
(Edited by R.H. Gallagher et al.), pp. 251-261, John Wiley and Sons, London. (1986). 
J.J.H. hIiller and S. Wang, A new non-conforming Petrov-Galerkin finite element method with triangular 
element for a singularly perturbed advection-diffusion problem, IMA J. Numer. Anal. 14, 257-276 (1994). 
.J.J.H. nlilier and S. Wang, An exponentially fitted finite element volume method for the numerical solution 
of 2D unsteady incompressible Aow problems, J. Compu~. P&s. 115 (1). 56-64 (1994). 
S. Wang, A novel exponentially fitted triangular finite element method for an ~vection-diffusion problem 
with boundary layers. J. Comp. Phys. 134. 253-260 (1997). 
P. Knabner, J.W. Barrett and H. Kappmeier, Lagrange-Galerkin approximation for advection-dominated 
nonlinear contaminant transport in porous media, In Computational Methods in Water Resources X. VoG 
ume I. (Edited by A. Peters et al.), pp. 299-308, Kluwer Academic, Dordrecht, (1994). 
.J.W. Barrett and P. Knabner, An improved error bound for a Lagrange-Galerkin method with non- 
Lipschitzian adsorption kinetics, SIAM J. Numer. Anal. 35, 1862-1882 (1998). 
L. Angermann, A finite element method for the numerical solution of convection-dominated anisotropic 
diffusion equations, Numer. M&h. 85, 175-195 (2000). 
B. Delaunay, Sur la sphere vide, Izv. Akad. Nuuk. SSSR., M&h. and Nat. Sci. Div. 6, 793-800 (1934). 
G.L. Dirichlet. Gber die Reduction der positiven quadratischen Formen mit drei unbestimmten ganzen 
Z&en. J. Reine Angeev. Math. 40, 209-227 (1850). 
J. Lim, C.L. Chan and A. Chandra, A BEhl analysis for transient conduction-conv~tioll problems with 
variable velocities. Int. f. Numer. ~fethods fog Heat @ Found Flow 4, 31-46 (1994). 
S. Wang, An a postetiori error estimate for finite element approximations of a singulariy perturbed advec- 
tion-diffusion problem, J. Camp. App6. Math. 87, 243-25 (1997). 
